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Abstract
We investigate the stability of motion close to the Lagrangian equilibrium
points L4 and L5 in the framework of the spatial, elliptic, restricted three-
body problem, subject to the radial component of Poynting-Robertson drag.
For this reason we develop a simplified resonant model, that is based on
averaging theory, i.e. averaged over the mean anomaly of the perturbing
planet. We find temporary stability of particles displaying a tadpole motion
in the 1:1 resonance. From the linear stability study of the averaged simplified
resonant model, we find that the time of temporary stability is proportional to
β a1 n1, where β is the ratio of the solar radiation over the gravitational force,
and a1, n1 are the semi-major axis and the mean motion of the perturbing
planet, respectively. We extend previous results (Murray (1994)) on the
asymmetry of the stability indices of L4 and L5 to a more realistic force model.
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Our analytical results are supported by means of numerical simulations. We
implement our study to Jupiter-like perturbing planets, that are also found
in extra-solar planetary systems.
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1. Introduction
The motivation of our study is to understand better the effect of stellar ra-
diation on resonant interactions between the motion of dust and a planet in
planetary systems. The subject has already been studied in Dermott et al.
(1994), where the authors propose that dust may be transported from the
main belt to the Earth by temporary resonant capture; the trapping mech-
anism for exterior mean motion resonances (MMRs) has been studied in
full detail in Beauge´ and Ferraz-Mello (1994); Weidenschilling and Jackson
(1993). Only outer resonances have been found to be stable (see Sicardy et al.
(1993) and references therein); the effect of drag on motions close to the La-
grange points is treated in Murray (1994), where the author finds asymmetric
stability indices for the triangular points. The three-dimensional orbital evo-
lution of dust particles is also studied in Liou and Zook (1997); Liou et al.
(1995). Kortenkamp (2013) has demonstrated a trapping mechanism of dust
particles in Earth’s quasi-satellite resonance. The literature on the subject
is wide and we refer the reader to the bibliography2.
2Among all papers on the subject, let us quote the following results. In Pa´stor et al.
(2009a) the authors investigate the eccentricity evolution of particles under the effect of
non-radial wind, while the interplay with MMRs has been treated in Pa´stor et al. (2009b).
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The goals of this paper are the following: i) most analytical studies men-
tioned above are based on the circular or/and planar, restricted, three-body
problem; we therefore aim to extend these results to the case of the spatial,
elliptic, restricted three-body problem (SERTBP); this is of particular im-
portance, since stellar radiation forces act in 3D space. ii) The 1:1 MMR
under Poynting-Robertson (hereafter PR) effect is only poorly studied by
analytical means (with some exception found in Murray (1994) - but based
on the circular problem); the reason can maybe found in the fact that stan-
dard expansions of the perturbing function do not converge if the ratio of the
semi-major axes of the perturber and dust particle tends to unity; we there-
fore aim to use the equilateral perturbing function instead of the standard
one to properly treat the case of the 1:1 MMR. iii) It is commonly accepted
that Poynting-Robertson drag destabilizes inner resonances with an external
perturber, while temporary capture may be found for outer resonances with
an internal perturber (Beauge´ and Ferraz-Mello (1994)); we therefore aim to
Stability times have been derived in Klacˇka and Kocifaj (2008), the effect of the non-radial
components of solar wind on the motion of dust near MMRs is treated in Klacˇka et al.
(2008), non-radial dust grains close to MMRs are subject of Kocifaj and Klacˇka (2008).
The dynamical effect of Mars on asteroidal dust particles has been investigated in
Espy et al. (2008), the resonance with Neptune has been treated in Kocifaj and Kundracik
(2012). The triangular libration points have also been treated in Singh and Aminu (2014),
the collinear ones in Stenborg (2008). Out of plane equilibrium points have been found in
Das et al. (2008). To this end, a critical review of the PR effect, that has been used in the
literature - Burns et al. (1979) - can be found in Klacˇka et al. (2014) with a justification
of the authors in Burns et al. (2014).
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provide with this study the missing link with the co-orbital resonant regime
of motion.
There are different kinds of forces that need to be taken into account to
model the dynamics of interplanetary dust, that strongly depend on the size
of the particles of interest (Gustafson (1994)): solar gravity, stellar radia-
tion pressure, the Lorentz force, planetary perturbations, PR drag, and solar
wind drag. In our study we concentrate on particles within the size range
from 1 µm to 200 µm, where the Lorentz force can be safely neglected, the
primary force is solar gravity and stellar radiation pressure, second order
effects are additional planetary perturbations, about the same order of the
PR effect. Precisely, we are interested in the interplay of these second order
effects on motion of dust particles that are situated inside the 1:1 mean mo-
tion resonance with a planet. As we will show the PR effect does not only
strongly influence the orbital life-time of particles, but also the location of
the resonance in the orbital element space of the interplanetary dust particle.
The models describing the three-body problem are introduced in order of in-
creasing difficulty: from the circular-planar case to the elliptic-inclined one.
The models include the effect of Poynting-Robertson drag. Three case studies
are identified: Jupiter and two samples, which are representative of extraso-
lar planetary systems. Using the equations of motion averaged over the mean
anomaly, we are able to detect stationary solutions and to describe them in
terms of the parameters of the system. We also add a discussion about the
eigenvalues of the linearized vector field as a function of the dissipative pa-
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rameter. We conclude wih a comparison with the unaveraged vector field.
The content of this paper is the following. In Section 2 we define the math-
ematical model and the equations of motion that we use for our study. In
Section 3 we derive a resonant model, valid close to the 1:1 resonance that is
based on averaging theory. We investigate the equilibria of the averaged prob-
lem in the framework of the planar, spatial, circular and elliptic restricted
three body problems in Section 4, and perform a linear stability study of the
SERTBP in Section 5. A numerical survey based on the unaveraged equa-
tions of motions can be found in Section 6. A summary of our conclusions is
given in Section 7; supplementary calculations that may help the reader to
reproduce our results can be found in the Appendices.
2. Mathematical model and case studies
We investigate the dynamics of dust-size particles in the framework of the
spatial, elliptic restricted three-body problem (SERTBP), in which the cen-
tral body is the source of electromagnetic radiation, while the second largest
body does not radiate. We denote the celestial bodies involved in our model,
respectively as the central body (e.g., the star), the secondary body (e.g., a
planet), and the third body (e.g., a dust particle). The third body is thus
subject to two different kinds of forces, as described below.
1) Gravitational Attraction (GA)
Let ~r, ~r1 be the vectors of the third and the secondary from the central
body in a coordinate system with the origin coinciding with the central
5
body. We denote by r = ‖~r‖, r1 = ‖~r1‖ the distances of the third and
the secondary from the origin, and by ∆ the mutual distance of the
third and the secondary bodies. Let G be the gravitational constant,
and m0, m1, m be the mass of the central, the secondary, and the
third body, respectively. In this setting, the gravitational force can be
derived from the force function
Ugrav = −G(m0 +m)
r
− Gm1
( 1
∆
− ~r · ~r1
r31
)
. (1)
As it is standard in the restricted three body problem, we assume that
the third body does not influence the motion of the other two bodies,
and formally we set m = 0.
2) Solar Radiation (SR)
Let rˆ = ~r/r be the radial unit vector, r˙ = dr/dt be the radial veloc-
ity, and ~v = d~r/dt be the instantaneous velocity vector of the third
mass. We denote by the dimensionless parameter β the ratio of the
radiation pressure force that is felt by a particle of radius rp and den-
sity ρ, over the gravitational force of the central body of mass m0 at
distance r. Let c be the speed of light and γ ≡ 1 + sw, where sw is
the ratio of the net force of solar wind over the net force due to the
Poynting-Robertson effect. The forces of interest, solar radiation pres-
sure (hereafter SRP), Poynting-Robertson drag (denoted as PR), and
solar wind drag (hereafter SW), are given by (see, e.g., Burns et al.
(1979); Beauge´ and Ferraz-Mello (1994); Liou et al. (1995)):
~FEMF =
Gm0
r2
β
((
1− γ r˙
c
)
rˆ − γ~v
c
)
. (2)
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Notice that for β = 0 there is no solar radiation, for γ = 0 we just
consider SRP, which reduces to a conservative effect, while for γ = 1
the effect of the solar wind is neglected. We also notice that we neglect
higher order terms, precisely the transversal component of solar wind
drag (Klacˇka (2013)). From now on, we shall focus only on the case
γ = 1, which corresponds to PR drag without SW. This choice is
motivated by the fact that PR effect is considered as the most important
non-gravitational effect acting on dust particles of the size we consider
in this paper (compare with Gru¨n et al. (1985)). However, SW will
certainly deserve a further study, since in Klacˇka (2014) it is shown that
for non Maxwell-Boltzmann velocity distributions of the solar wind, the
SW effect is more important than the action of the radiation, as for the
secular orbital evolution.
2.1. Equations of motion in the Cartesian framework
The equations of motion, in vector notation, for the massless particle within
the SERTBP under the effect of PR drag, can be easily derived from (1) and
(2):
d2~r
dt2
= −µ0(1− β) ~r
r3
− µ1
(
~r1
r13
+
~r − ~r1
∆3
)
− µ0βγ
cr2
(r˙rˆ + ~v) , (3)
where we have introduced the mass parameters µ0 = Gm0 and µ1 = Gm1.
Let us write
~r = (x, y, z) , ~v = (vx, vy, vz) , ~r1 = (x1, y1, z1) ,
where (x, y, z) denotes the position of the third body in the Cartesian space,
(vx, vy, vz) labels its velocity, and (x1, y1, z1) denotes the position of the sec-
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ondary in the Cartesian space. In this setting the various quantities appear-
ing in (3) can be written in components as
r = ‖~r‖ =
√
x2 + y2 + z2 , r1 = ‖~r1‖ =
√
x21 + y
2
1 + z
2
1 ,
∆ = ‖~r − ~r1‖ =
√
(x− x1)2 + (y − y1)2 + (z − z1)2 ,
rˆ = (xˆ, yˆ, zˆ) ≡ (x
r
,
y
r
,
z
r
) , r˙ =
dr
dt
=
~v · ~r
r
=
vxx+ vyy + vzz
r
.
The above expressions allow us to write the components of the electro-
magnetic force in (2) in explicit form.
2.2. Parameters and Units
In the following discussion we simplify our problem by a proper choice of the
units of measure. Let G = 1, the unit of mass coincide with m0 +m1 +m,
the unit of length be the semi-major axis of the secondary a1. From µ∗ =
µ0 + µ1 + Gm equal 1, we can write µ1 = 1 − µ0, since we assumed m = 0.
From n21a
3
1 = µ∗ and setting a1 = 1, then the mean motion of the secondary
becomes n1 = 1 and the revolution period equals 2π. In our units the speed
of light3 is equal to c = 22946.5 for the case of Sun-Jupiter, and c = 10065.3
in the case of Sun-Earth. We assume that the third particle is spherical, and
composed of silicates; we limit our study to particles with radii ranging from
1 µm to 200 µm - with values of β ranging from 0 to 0.1 (β ≃ 0.2/rp, see
Beauge´ and Ferraz-Mello (1994)).
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Table 1: Case studies investigated in this work; additional parameters are specified in
Sections 2.2 and 2.3. The speed of light c is given in units such that the secondary is at
distance 1 and its period of revolution is 2pi.
id. m1[mJ ] a1[AU ] P1[days] c
Jupiter(red) 1 5.203 4344.68 22946.5
1 1.5 2 800 10992.6
2 0.6 0.05 5 2748.16
2.3. Case studies
LetmS,mJ be the mass of the Sun and Jupiter, respectively; let P1 denote the
period of revolution of the secondary. We are going to implement our study
on the Sun-Jupiter system, and two representative exo-planetary systems,
that are obtained as follows: in Figure 1 we present the data of 1796 known
exo-planets in a suitable a1−m1 plot: the regions 1 and 2 define the two most
dominant high density regimes of mass and distance in the parameter space
(a1, m1). The red dot represents Jupiter. To obtain the proper periods P1,
to be able to calculate n1 and c in our choice of units, we choose the closest
known exo-planets in our database to the centers of the regions 1, 2, that
also have a central star similar to our Sun: CoRoT-16 b (a1 = 0.061, m1 =
0.53, P = 5.35), and 16CygB b (a1 = 1.68, m1 = 1.68, P = 799.5). The
star CoRoT-16 has spectral type G5V with mass m0 = 1.098mS, the star
16 Cyg B is of type G2.5V with mass m0 = 1.01mS. Using the relation
3Converting the speed of light c = 299792458 m/s in units AU/d, we obtain c =
172.672AU/d; setting a1 = n1 = 1, we find c = 172.672(n1a1)
−1 in the units in which the
secondary is at distance equal to unity and its period of revolution is 2pi.
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Figure 1: Semi-major axis a1 vs. mass ratio m1 of 1796 exo-planets (source
www.exoplanets.eu). Dark regions, like those labeled 1 and 2, indicate high density
regimes; the red dot denotes Jupiter.
n1 = 2π/P1, we are yet able to calculate c = 172.672(n1a1)
−1 in proper units
as summarized in Table 1.
3. Resonant variables and averaged equations of motion
Following Brown and Shook (1964), we write the potential4, taking the star
as origin of the coordinates’ frame:
Ugrav = −µ∗
r
− µ1
( 1
∆
− 1
r
− ~r · ~r1
r31
)
. (4)
Let us denote by a, e, i, ω, Ω, M the standard orbital elements of the third
body, where a is the semimajor axis, e the eccentricity, i the orbital inclina-
tion, ω the argument of perihelion, Ω the longitude of the ascending node,
M the mean anomaly. We denote by a1, e1, i1, ω1, Ω1, M1 the Keplerian
4We use opposite signs w.r.t. Brown and Shook (1964).
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elements of the secondary body. In this work we consider a 1:1 mean mo-
tion resonance, which occurs whenever the mean motions of the third and
secondary bodies are equal (equivalently, the periods of revolution are equal).
We first introduce the resonant angles in terms of the conservative set-up
(β = 0). Precisely, close to the 1:1 MMR, the resonant angle, say p, is
defined as the difference of the mean orbital longitudes of the third and
secondary bodies:
p = λ− λ1 ,
where λ =M + ω˜ with ω˜ = ω+Ω, and similarly for λ1. We denote by ac the
value of the semi-major axis of the small body at the 1:1 MMR. In terms of
the semi-major axis of the secondary, the value of ac within the conservative
framework turns out to be
ac = a1 .
We also remark that the term which corresponds to the solar radiation
pressure (i.e., (2) with γ = 0) just contributes to modify the mass parameter
of the central body, µ0, by the factor (1 − β). This implies that we have
an apparent central mass µ0(1− β), instead of the mass µ0 in the equations
of motion for the third body. Therefore, for β 6= 0 the resonant value of
the semi-major axis, in case of a MMR, is shifted according to the following
relation:
ares = (1− β)1/3ac ,
where ac is the nominal value of the semi-major axis of the conservative case
with β = 0.
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Let us denote by (L,G,H, ℓ, g, h) the action–angle Delaunay’s variables,
which are related to the orbital elements by (remind that µ∗ = µ0+µ1 = 1)
L =
√
a , G =
√
a(1− e2) , H =
√
a(1− e2) cos i ,
ℓ = M , g = ω , h = Ω .
Setting s = sin i
2
, we have that the elements describing the orbit can be
expressed in terms of the Delaunay variables as
a = L2 , e =
√
1− G
2
L2
, s =
1√
2
√
1− H
G
. (5)
The Hamiltonian function associated to the restricted three–body problem,
and expressed in Delaunay variables, is given by
H(L,G,H, ℓ, g, h, ℓ1) = −(1− βµ0)
2
2L2
− µ1 R(L,G,H, ℓ, g, h, ℓ1) , (6)
where ℓ1 denotes the mean anomaly of the perturber, µ1 is the mass–ratio
of the primaries and the perturbing function R is given by the following
expression (compare with (4)):
R = 1
(r2 + r21 − 2rr1 cosψ)
1
2
− r cosψ
r21
− 1
r
, (7)
where ψ is the angle between (r, r1). We expand R around ρ = r/r1 − 1
that gives to low orders (see Lhotka (2014), Appendix B for higher order
expansions):
R ≃ −1
r
− 21r
2 cos2(ψ)
64
√
2r31
− 3r
2 cos(ψ)
16
√
2r31
+
r2
8
√
2r31
+
15r cos2(ψ)
32
√
2r21
(8)
+
15 cos2(ψ)
64
√
2r1
+
r cos(ψ)
8
√
2r21
− r cos(ψ)
r21
+
9 cos(ψ)
16
√
2r1
− 3r
4
√
2r21
+O
(
ρ3, cos3(ψ)
)
.
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In the next step, the quantities r, r1, ψ must be expressed in terms of
the Delaunay variables by standard Keplerian relations (see, e.g., Celletti
(2010); Dvorak and Lhotka (2013)). As a consequence, the perturbing func-
tion R can be suitably expanded in Fourier–Taylor series, as shown in Ap-
pendix B. We are now in the position to introduce the resonant variables
(P,Q,W, p, q, w) as
P = L p = ℓ− ℓ1 + g − g1 + h− h1
Q = G− L q = g − g1 + h− h1
W = H −G w = h− h1 (9)
with inverse transformation
L = P ℓ = p− q + ℓ1
G = P +Q g = q − w + g1
H = P +Q+W h = w + h1 . (10)
Let us denote by R the average of R over the mean anomaly ℓ1. Then, the
averaged equations in terms of the resonant variables are given by
P˙ = µ1
∂R
∂p
p˙ =
(1− βµ0)2
P 3
− 1− µ1∂R
∂P
Q˙ = µ1
∂R
∂q
q˙ = −µ1∂R
∂Q
W˙ = µ1
∂R
∂w
w˙ = −µ1 ∂R
∂W
. (11)
The term -1 in p˙ stems from the fact that the transformation (9) depends on
time through ℓ1, appearing in the definition of p. Equations (11) represent
the contribution of the conservative part to which we must add the effect of
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the dissipation due to the Poynting–Robertson drag. Precisely, we add the
dissipation averaged over the mean anomaly. Since the average dissipation is
zero for the angle variables (see Jancart and Lemaitre (2001)), the Poynting–
Robertson effect contributes to the equations (11) only by modifying the
equations of the action variables according to the following formulae:
P˙ = µ1
∂R
∂p
+ YP p˙ =
(1− βµ0)2
P 3
− 1− µ1∂R
∂P
Q˙ = µ1
∂R
∂q
+ YQ q˙ = −µ1∂R
∂Q
W˙ = µ1
∂R
∂w
+ YW w˙ = −µ1 ∂R
∂W
, (12)
where
YP = YL
YQ = YG − YL
YW = YH − YG
and YL, YG, YH are defined as follows. Denoting by n the mean motion
of the third body, from Jancart and Lemaitre (2001) we have the following
expressions:
YL = −µ0βn
1 + 3
2
e2
c(1− e2) 32
YG = −µ0βn
c
YH = −µ0βn
c
cos i .
(13)
The effect of the dissipation on the orbital elements can be evaluated using
the expressions (5), computing the time derivative of the orbital elements
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and inserting (12) and (13) in place of L˙, G˙, H˙ . More precisely, we obtain:
da
dt
= 2LL˙ = −
√
a(1 + 3e2)µ0βn
c(1− e2) 32
de
dt
=
G
L2e
(
G
L
L˙− G˙) =
√
1− e2 µ0βn√
a e c
− (2 + 3e) µ0βn
2
√
a e c(1− e2) 12
di
dt
= − 1
G2
√
1− H2
G2
(H˙G−HG˙) = 0 (14)
(the last result comes from the fact that YHG−HYG = 0, beingH/G = cos i).
The above equations show that the sole dissipation drives to circular orbits
(i.e., e = 0), which end up to collide with the primary body (i.e., a = 0),
while no effect is performed on the inclination.
Remark 1. To evaluate the occurrence of stationary solutions, we can make
use of Tisserand criterion (Moulton (1914), notice that the computation is
valid for internal, 1:1 or external resonances). Precisely, we start by men-
tioning that under the solar radiation pressure the Jacobi constant is given
by
C =
(1− βµ0)
a
+ 2
√
(1− βµ0)a(1− e2) cos i .
Recalling the last result in (14), we have that
dC
dt
= −1− βµ0
a2
da
dt
+
(1− βµ0) cos i
2
√
(1− βµ0)a(1− e2)
((1− e2)da
dt
− 2aede
dt
) .
Using the first two expressions in (14), we obtain
dC
dt
=
µ0βn
c a
3
2 (1− e2)3
[
− 2a 32 (1− e2)3
√
1− µ0β cos i+ (1− e2) 32 (2 + 3e2)(1− µ0β)
]
=
µ0βn
√
1− µ0β
c a
3
2 (1− e2) 32
[
− 2a 32 (1− e2) 32 cos i+ (2 + 3e2)
√
1− µ0β
]
.
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The condition that the Jacobi integral is constant, i.e. dC/dt = 0, implies in
the limit e = 0 that
a
3
2 cos i =
√
1− µ0β . (15)
Given that Kepler’s third law under solar radiation pressure reads as
n2a3 = (1− βµ0)4 , (16)
in a 1:1 MMR (i.e., with n = 1) we have that (15) reduces to
cos i =
n
(1− µ0β) 32
, (17)
which can be satisfied only if n ≤ (1−µ0β) 32 . As it is well known (Beauge´ and Ferraz-Mello
(1994)), this implies that stationary solutions in a 1:1 MMR with non-zero
eccentricity and inclination can only exhibit temporary trapping.
When β = 0, from (17) we obtain that the Jacobi integral is preserved just for
n ≤ 1, which corresponds to the small particle on an orbit external to that of
the secondary (compare with Beauge´ and Ferraz-Mello (1994)). When β 6= 0,
this condition is modified and only some external orbits can be considered,
precisely those satisfying n ≤ (1− µ0β) 32 .
4. Stationary solutions
In order to find stationary solutions of the averaged problem, we look for the
equilibrium solutions associated to (12). More precisely, we fix a set of param-
eters (µ1, e1, s1, β), where s1 = sin
i1
2
with i1 denoting the inclination of the
secondary. We determine a set of initial conditions (P0, Q0,W0, p0, q0, w0),
such that the right hand sides of (12) are identically zero for the selected
parameter values. We then back-transform them into the stationary orbital
16
elements a∗, e∗, i∗, p∗, q∗, w∗.
5 We notice that in the conservative setting the
equilibria L4 and L5 are mirror symmetric with respect to ~r1. Thus, for
β = 0 the equilibrium L4 that is given by (a∗, e∗, i∗, +p∗, +q∗, +w∗) maps
into the equilibrium L5 in terms of (a∗, e∗, i∗, −p∗, −q∗, −w∗). Since the
derivatives of the perturbing function with respect to the resonant angles in-
troduce the sine function into the right hand sides of (12) for P˙ , Q˙, W˙ , then
a small deviation from L4 is symmetrically mapped into a small deviation
from L5. This provokes that the right hand sides of P˙ , Q˙, W˙ in (12) have
opposite signs 6 with respect to the right hand sides evaluations close to L4
and viceversa. However, in the dissipative case, mapping small deviations
from L4 symmetrically into the vicinity of L5 does not alter the signs of the
dissipative terms (13). Therefore, since for β 6= 0 the sum of the conserva-
tive and dissipative terms must cancel out to fulfill the requirement for the
equilibrium P˙ = Q˙ = W˙ = 0, then the respective terms will not balance
themselves in the same way close to L4 in comparison to L5. Henceforth,
we can expect an asymmetry of the equilibria L4 and L5 in presence of PR-
drag. To evaluate the context of the different dimensions of the 6-dimensional
5To test our numerical approach we also derive first order formulae in β for a∗, p∗, e∗,
q∗ in the following way: first, we substitute the ansatz a∗ = ares +C1β, p∗ = ±60o+C2β
into (P˙ , p˙) of (12) to obtain C1, C2 by setting e = q = i = w = 0. Next, we use the
ansatz e∗ = e1+C3β and q∗ = ±60o+C4β to obtain C3 and C4 from (Q˙, q˙) of (12) using
the solutions for a∗ and p∗ we obtained before, and setting i = w = 0. No perturbative
approach has been used to find i∗ and w∗. The expansions are shown on top of the
respective figures.
6In contrast, the evaluations of the right hand sides of p˙, q˙, w˙ will result in terms with
same signs for L4 and L5.
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phase space, we perform the calculations in the planar and spatial versions
of the circular and elliptic restricted three-body problems. We start with
the circular-planar case of Section 4.1, then we let the orbits be inclined as
in Section 4.2, we analyze the elliptic-planar case in Section 4.3 and finally
we discuss in Section 4.4 the most general model. The different settings are
referred to by appropriate acronyms given at the beginning of each section.
4.1. Circular-planar case (CPRTBP)
We assume that the secondary moves on a circular orbit, while the third
body may have non-zero eccentricity, and that all bodies move on the same
plane. Therefore we set e1, i1, i,Ω = 0 in R to obtain R, and we immediately
find W˙ = 0, w˙ = 0 in the equations of motion (12). We remark that
YQ = YG − YL = −µ0βn
c
(
1− 1 +
3
2
e2
(1− e2) 32
)
. (18)
This implies that YQ = 0 whenever β = 0 (the usual conservative case) or if
e = 0; thus, in the dissipative setting, if we set e = 0, we are reduced to find
the solution just of the system of equations
P˙ = 0 , p˙ = 0 , (19)
since Q˙ = 0 also in the conservative case, and we cannot solve for q∗, since
the angle q is an ignorable variable also in the dissipative case due to the fact
that e = 0. We thus neglect the equation q˙ = 0.7 The system of equations
7We remark, that in presence of dissipation, if e 6= 0 we have Q˙ 6= 0 for β 6= 0 and
thus e˙ 6= 0, while in the conservative set-up (β = 0) we find e˙ = 0 and the eccentricity is
a conserved quantity. Therefore, e is not a conserved quantity anymore in presence of PR
drag in the circular problem.
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(19) only provides the equilibrium solution for the variables P and p; in
particular, the solution for P gives the equilibrium value of the semi-major
axis. In Figure 2 we report the variation of the equilibrium solutions for a
and p, for different values of µ1, as a function of the parameter β, which
varies in the interval [0, 0.1].
Figure 2: Variation of the equilibrium solutions for L4 (dark) and L5 (light) in the
CPRTBP for a (left) and p (right) as a function of the parameter β for different mass
parameters µ1/µJ equal to 1 (red dot), 1.5 (black cross), 0.6 (blue square), respectively.
On the left, L4 and L5 overlap. Dotted lines correspond to first order formulae.
From Figure 2 we see, that for β = 0 we recover the equilibrium solution
of the conservative case at a∗ = 1, p∗ = 60
◦. For β 6= 0 the equilibrium a∗
decreases below 0.88 for all different mass parameters µ1, while the value of
the resonant argument p∗ strongly depends on the choice of c · µ1 (ranging
from about 64◦ for β = 0.1 and µ1 = µJ to 66
◦ for β = 0.1 and µ1 = 0.6µJ
for L4 and −62◦ to −63.5◦ for L5).
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4.2. Spatial-circular case (SCRTBP)
In this model we assume that the secondary moves on a circular orbit, the
third body may have non-zero eccentricity, and that both smaller bodies
move on inclined planes. We thus set e1, ω1 = 0, and keep i,Ω 6= 0 in R
to obtain R. Like in the CPRTBP (see (18)), we find that the equation for
Q˙ can only be solved for β = 0 or e = 0 also in the spatial case. However,
contrary to the CPRTBP, we have W˙ 6= 0, w˙ 6= 0 in the system of equations
(12), and we are led to solve the equations of motion for the variables P ,
p, W , w, simultaneously. For a∗, p∗ we find the same equilibrium values as
in the CPRTBP. For β = 0 we recover the known conservative equilibrium
value of the Lagrange orbit8 at i∗ = i1, and w∗ = 0. The same equilibrium
positions are found for β 6= 0: the values for the spatial variables correspond
to the case where the two bodies share their lines of nodes, while the relative
inclination turns out to be zero. We conclude that the Lagrange orbits in
the SCRTBP can be identified with the Lagrange orbits in the CPRTBP to
which can be related by simple rotations. However, in the dissipative case we
find additional equilibrium solutions, such that the equilibrium inclination
i∗ is different from that of the secondary i1 with large w∗ 6= 0. Since we
focus our study on the Lagrange configuration (with w∗ ≃ 0), we did not
investigate them further. We also remark that an additional class of equilib-
ria can be artificially constructed in the following way. We premise that the
solution of the system of equations P˙ = Q˙ = W˙ = p˙ = q˙ = w˙ = 0 for i 6= i1,
leads to possible equilibria with very large w, which is not consistent with
8In this case the equilibrium solutions are replaced by periodic orbits and consequently
we speak more appropriately of a Lagrange orbit.
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the expected physical picture. Instead of solving for all variables, we can fix
w = 0 in (12) and solve for the reduced system P˙ = Q˙ = p˙ = q˙ = 0, thus
leading to an equilibrium solution a∗, e∗, p∗, q∗ for i 6= i1. It turns out that
for a moderate difference of the inclination from i1 and for small values of
β, the value of a∗, e∗ are not much altered, while a bigger difference is found
for p∗, q∗, when compared to the case i = i1.
When we plot the graphs of the equilibrium solutions for i∗, w∗, starting
for example with i1 = 5
o, as a function of the parameter β, varying in the
interval [0, 0.1] for different mass ratios µ1, we notice that i∗ = i1, w∗ = 0
holds true for arbitrary β. The plots for a∗, p∗ overlap to those of Figure 2.
4.3. Elliptic-planar case (EPRTBP)
We assume that the eccentricity of the smaller primary is different from
zero, but we make again the assumption that all bodies move on the same
plane, like we already did in the CPRTBP. We thus set i, i1,Ω,Ω1 = 0, but
we keep e, e1, g, g1 6= 0 in R to obtain R. Like in the CPRTBP we find
(W˙ = 0, w˙ = 0), also for non-zero β in the system (12), and we are thus
led to solve a system of equations in the four coordinates P , Q, p, q, where
we must account for the fact that the dissipation acts only on the action
variables P and Q.
We find that the correlations between a∗, p∗ and β remain the same as in the
CPRTBP and SCRTBP; we therefore omit the corresponding figures here.
We only report in Figure 3 the graphs of the equilibrium solutions for e∗
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and q∗ as a function of the parameter β. We find that e∗ depends on the
parameter β, while we have even a stronger dependency of the equilibrium
value for the angle q∗ with β. For β = 0 we have e∗ = e1 and q∗ = 60
◦. For
large enough µ1 the equilibrium e∗ remains the same, while q∗ tends to 64
◦
for β = 0.1. It is interesting to notice that for µ1 small (blue in Figure 3) e∗
tends to smaller values (still close to e∗ = e1), while the effect on p∗ is smaller
than for larger masses of µ1. We also remark, that while in Figure 2 (right)
the solution for L4 tends to larger values, in Figure 3 (right) the solution for
L5 tends to larger ones.
Figure 3: Variation of the equilibrium solutions for L4 (dark) and L5 (light) in the
EPRTBP for e (left), and q (right) as a function of the parameter β for e1 = 0.1 and
different mass ratios µ1/µJ equal 1 (red dot), 1.5 (black cross), and 0.6 (blue square),
respectively. The plots for a, p coincide with those of Figure 2. On the left L4 and L5
overlap for µJ and 1.5µJ . Dotted lines correspond to first order formulae.
22
4.4. Spatial-elliptic case (SERTBP)
In the most general case, we assume that the secondary moves on an elliptic
orbit and on an inclined plane, so that both e1 and s1 are different from zero.
We thus investigate the full dynamics of the equations (12), where we keep
all orbital elements in R to obtain R. For β = 0 we find the real equilibrium
solution at a∗ = a1 = 1, e∗ = e1, i∗ = i1, p∗ = q∗ = 60
◦, and w∗ = 0, that cor-
responds to the well-known Lagrange orbit: the orbital planes share their line
of nodes with zero relative inclination, while the line of apsides of the third
body is rotated by 60◦, and the difference in orbital longitudes is 60◦. For
β 6= 0 we solve for the system of equations in all variables (P,Q,W, p, q, w)
and we obtain that the equilibrium solution is typically obtained when e = e1
and s = s1. Indeed, the equation for Q˙ does not depend on s1 and it is zero
for e = e1. On the other hand, the equation for W˙ does not depend on e1
and it becomes zero only when s = s1.
We report in Figure 4 the graphs of the equilibrium solutions for a, e, s, p,
q and w for different mass parameters µ1 as functions of the parameter β,
varying in the interval [0, 0.1].
In comparison with Figures 2–3 we find that from a qualitative point of view
the correlations of a, e, p, q with β at their equilibrium values remain the
same. We notice, that in the SERTBP, for β 6= 0 the inclination i∗ tends to
slightly lower values than i1 = 5
◦ for w∗ fixed at 0 degrees. No difference
between L4 and L5 is visible with respect to i and w.
We observe in Figures 2-4 that the difference in the locations of the equilibria
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in the parameter space between the cases Jupiter and case 1 is small (10−2 o
for p and 10−3 o for q with β = 0.05) compared to case 2 (10−1 o for p and
10−2 o for q with β = 0.05). A possible explanation is as follows: terms in
(12) entering proportionally to µ1 need to be balanced with the dissipative
terms that enter with proportionality factor µ0βn/c. Due to our special
choice of units, this term is proportional to (1 − µ1)βa1n1 n. From Table 1,
with n1 = 2π/P1, we find that the terms (13) for Jupiter and case 1 are of
the same order of magnitude, while for case 2 the corresponding term turns
out to be one order of magnitude bigger. We can therefore expect that the
deviation of the equilibria from the conservative solution for Jupiter and case
1 are comparable, while the deviation for case 2 is larger.
5. On the behavior of the eigenvalues of the equilibrium positions
In this section we investigate the eigenvalues of the linearized averaged vector
field (12) in the neighborhood of the equilibrium. Let us consider a small
displacement close to the equilibrium, say (P0, Q0,W0, p0, q0, w0):
P = P0 + δP , Q = Q0 + δQ , W = W0 + δW
p = p0 + δp , q = q0 + δq , w = w0 + δw . (20)
The linearization around the equilibrium position provides the matrix A =
(aij) with elements:
a1α = −µ1 ∂
2R
∂p∂α
+
∂YP
∂α
, a4α,α6=1 = µ1
∂2R
∂P∂α
a2α = −µ1 ∂
2R
∂q∂α
+
∂YQ
∂α
, a5α = µ1
∂2R
∂Q∂α
a3α = −µ1 ∂
2R
∂w∂α
+
∂YW
∂α
, a6α = µ1
∂2R
∂W∂α
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with α = P,Q,W, p, q, w and
a41 =
3(1− βµ0)2
P 4
+ µ1
∂2R
∂P
.
We immediately notice that all derivatives of YP and YQ with respect to p,
q, w, W are zero and that the derivatives of YW with respect to p, q, w are
zero. The solution of the variational equations
d
dt
(δP, δQ, δW, δp, δq, δw)⊤ = A · (δP, δQ, δW, δp, δq, δw)⊤ (21)
contains terms of the form
cjvje
λjt ,
where (cj , vj , λj), j = 1, ..., 6, denotes the eigensystem of A. We show the
stability of the linearized tangent flow on the basis of the eigenvalues λj
with j = 1, ..., 6 in Figure 5. In the top row we show the dependency of
the absolute values of the real and imaginary parts of λ1,2, related to the
linearized dynamics of the pair (δP, δp), for varying β and different mass
ratios µ1/µJ from Table 1. Our conclusions are as follows:
• For β = 0 the real parts are zero for all mass ratios. With increasing
β the absolute values of λ1,2 increase. The slopes are steeper for larger
ratios β/c, indicating less stable motions.
• The absolute values of the imaginary parts, that are related to the fun-
damental frequencies of motion, decrease with increasing β, indicating
slightly larger periods of oscillation for larger β. We also observe, that
larger a1 leads to bigger values of the absolute eigenvalues.
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• We demonstrate that the stability close to L4 is different from the sta-
bility close to L5 as already pointed out in Murray (1994) (but based
on the CPRTBP and an oversimplified drag model). Maximum dif-
ferences in absolute values between L4 and L5 are largest (left: 10
−7,
right: 10−3) for the case µ1 = 0.6 and much smaller (left: 10
−9, right:
10−4) for the cases µ1 = 1, 1.5.
Next, we investigate the linearized stability of motion of the dynamics related
to the pair of variables (δQ, δq), see middle row of Figure 5:
• The qualitative behaviour, w.r.t. β, µ1, and a1, of the dynamics of the
absolute values of the real and imaginary parts of λ3,4 is the same as
for the pair λ1,2.
• Instabilities induced in the dynamics of the pair (δQ, δq) are 100 orders
of magnitude stronger than instabilities induced in the dynamics of the
pair (δP, δp).
• The maximal differences in absolute values between L4 and L5 are of
the order of magnitude of 10−9 for µ1 = 1, 1.5 and 10
−7 for the case
µ1 = 0.6.
Finally, we find from Figure 5 (bottom row):
• The main difference in the linearized motions related to the pair (δW, δw)
w.r.t. the previous cases is the increase in oscillation frequency for
larger β (see bottom, right).
• The maximum differences in absolute values between L4 and L5 are of
the order of 10−6 for the cases µ1 = 0.6, 1, 1.5.
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As a conclusion, due to the presence of non-zero real parts in all pairs of
eigenvalues λi,i+1 with i = 1, 3, 5, we find an exponential divergence in the
solution of (21); therefore, our system does not provide spectral or linear
stability.
We also notice that the distance of the equilibria in the parameter space for
β 6= 0 from the conservative solution is larger for smaller mass ratios, and
that the difference between L4 and L5 is due to the asymmetry of nearby
initial conditions - the effect being larger for smaller masses (see further ex-
planations at the beginning and end of Section 4). Moreover, the stability
is mainly affected by the semi-major axis of the perturber: indeed, smaller
values of a1 indicate higher velocities and thus stronger drag terms, that lead
to less stable motions, which correspond to larger absolute values of the real
parts in consistency with Figure 5.
Finally, we add a remark on the effect of the dissipative parameter β on the
symplectic phase space structure. If we denote by J the 6 × 6 symplectic
matrix, it holds for A that:
|max
i,j
(A⊤J + JA)i,j| = d0 , (22)
with the maximum computed over all elements of the matrix A⊤J + JA and
with d0 = 0 only for β = 0. At first order in β we find
d0 =
β
c
· 7− 6e
2
0 + sin
2(i0/2)√
a0(1− e20)
+O(β2) , (23)
that is proportional to the ratio β/c in the same way as the slopes in the
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absolute values of the real parts in Figure 5. We also notice, that for β = 0
the sum of the conjugated eigenvalues of A turns out to be zero, because for
β = 0 the matrix A becomes an infinitesimally symplectic matrix. However,
for β 6= 0 we find
d1 = |λ1 + λ2| = O(β2)
d2 = |λ3 + λ4| = |β
c
· 6(e
2
0 − 1)√
a0
|+O(β2)
d3 = |λ5 + λ6| = |β
c
· 1√
a0(1− e20)
|+O(β2) . (24)
We remark that, up to first order in β, the di’s do not depend on the mass
ratio µ1. We provide in Figure 6 the dependency of di versus β; the left plot
is based on our first order formulae (22)–(24), the right plot shows the di’s
obtained as follows. We calculate the equilibrium values P0, Q0,W0, p0, q0, w0
from (12) for µ1 = µJ , e1 = 0.1, i1 = 5
◦. Next, we expand the averaged vec-
tor field around the equilibrium to obtain a numerical value for A. Finally,
we implement the formula |maxi,j(A⊤J + JA)i,j| = d0, |λ1 + λ2|, |λ3 + λ4|,
|λ5+λ6| to obtain the di’s in a purely numerical way. As we can see compar-
ing the two plots of Figure 6, the first order formulae reproduce quite well
the values of the infinitesimally symplectic parameter d0 as well as the values
of d1, d2, d3.
6. Numerical study based on the unaveraged model
In this section we perform a numerical survey to confirm our results by com-
paring the analysis of the averaged model with the unaveraged equations of
motion. For this reason we integrate (3) using a Runge-Kutta 4-th order
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integration method with initial conditions that define the equilibrium of the
averaged dynamics. We integrate the initial conditions as long ψ (the angle
between ~r1 and ~r) stays within the interval [10
◦, 180◦], with a maximum in-
tegration time set to T = 600 000 revolution periods of the secondary. Since
our starting values are obtained from an averaged model, we expect a slight
shift with respect to the non-averaged model. Moreover, the equilibrium of
the averaged dynamics corresponds to a periodic orbit of the un-averaged
system, that explicitely depends on time t through the perturbing planet.
For the Lagrange orbit associated to L4, L5 in the SERTBP, we expect for
β = 0 that a, e, i stay constant, while the resonant angles p, q oscillate
around 60◦, and the angle w oscillates around 0◦, respectively. For small β,
say β = 0.01 and different µ1, we get a libration of a, p, e, q in Figure 7,
and an oscillation of i, w around the initial values. For some orbital ele-
ments, most notably semimajor axis and inclination, we observe a small shift
between the averaged motion, that we predicted from averaging theory in
Section 4, and the mean value, around which the elements oscillate, in the
unaveraged dynamics.
We are left to confirm our prediction of Section 5, that dissipative effects
act on time-scales proportional to the ratio β/c, that is proportional to the
quantity β a1 n1 in arbitrary units: from Figure 7 we roughly estimate the
ratios of the times of temporary stability between the Jupiter-like case (red)
and case 1 (black) to be about 2, and between case 1 and case 2 to be about 4,
that is in perfect agreement with the values of β a1 n1 that we may calculate
from Table 1. We conclude our numerical survey with a study of the libration
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width of the elements p and a in dependency of the parameter β. We show
in Figure 8 the evolution in time of the elements a (left) and p (right) for
β ∈ [0.01, 0.05]. As we can see, for larger values of β the element p leaves the
librational resonance earlier, as we already predicted from averaging theory.
7. Summary and conclusions
We investigated the Poynting-Robertson (PR) effect on the co-orbital reso-
nant motion of dust-sized particles with a planet in the framework of several
models, from the circular-planar case to the spatial-elliptic restricted three-
body problem. Our study is based on a simplified resonant model that we de-
rived on the basis of the equations of motion averaged over the mean anomaly
of the perturbing planet. We use the resonant model to find the variation
of the equilibrium solution in the orbital element space of the small particle
for different particle size and mass parameters. We only find temporary sta-
bility of the Lagrange type orbits in presence of PR drag forces, and show
by linear stability analysis that the instability is due to the steadily increase
of the libration width of the main resonant angle. Our results are validated
in several different models of increasing complexity, and they are confirmed
on the basis of a detailed numerical survey of the unaveraged equations of
motion.
The main results of our study are described below.
• Stable motion for dust sized particles is not possible due to Poynting-
Robertson effect.
• Temporary stability of particles displaying a tadpole motion in the
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non-averaged system occurs for a wide range of parameters and initial
conditions.
• The 1:1 resonance with a planet allows a temporary capture of dust size
particles also within the orbit of the perturbing planet, provided it is
still in resonance - a fact that has been overseen by previous studies that
found that resonant capture of dust size particles for inner resonances
is not possible due to PR drag.
• We confirm the presence of a possible asymmetry of the stability indices
of L4 and L5 also in the SERTBP, using a more realistic force model,
than it was used in Murray (1994) and based on the CPRTBP.
A proper expansion of the perturbing function allows us to treat the problem
by means of averaging theory. The extension of our work to the spatial, el-
liptic, restricted three-body (SERTBP) problem shows the importance of the
third dimension in this kind of studies. Inner and outer resonances should
therefore be reinvestigated in the framework of the SERTBP. The effect of
dissipative forces on the resonant motion may play a key role in planetary
formation processes. Finally, it would be interesting to investigate the effect
of other dissipative forces on resonant motions.
Acknowledgments
A.C. was partially supported by PRIN-MIUR 2010JJ4KPA 009, GNFM-
INdAM and by the European Grant MC-ITN Stardust. C. L. was financially
supported by the Austrian Science Fund (FWF) project J-3206.
31
Appendix A. Basic series expansions used in our study, based on
Stumpff (1959)
Let Jk be the Bessel function of the first kind. The radius r (similar r1) and
its inverse r−1 (and r−11 ) can be obtained from:
r
a
= 1 +
1
2
e2 − 2e
∞∑
k=1
dJk(ke)
de
cos(kM)
k2
a
r
= 1 + 2
∞∑
k=1
Jk(ke) cos(kM) .
The cosine and sine of the true anomaly f are given by:
cos(f) = −e + 21− e
2
e
∞∑
k=1
Jk(ke) cos(kM) ,
sin(f) = 2
√
1− e2
∞∑
k=1
dJk(ke)
de
sin(kM)
k
.
Let us denote by ξ, η, ζ the position of a celestial body in the orbital frame
(where ζ = 0). In this setting we have
ξ
a
= −3
2
e+ 2
∞∑
k=1
dJk(ke)
de
cos(kM)
k2
,
η
a
= 2
√
1− e2
e
∞∑
k=1
Jk(ke)
sin(kM)
k
.
Time derivatives r˙, ξ˙, η˙, ζ˙ can be directly obtained from d/dt (assuming
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M = nt):
r˙
a
= 2ne
∞∑
ν=1
dJν(νe)
de
sin(M)
ν
,
ξ˙
a
= −2n
∞∑
k=1
dJk(ke)
de
sin(kM)
k
,
η˙
a
= 2n
√
1− e2
e
∞∑
k=1
Jk(ke) cos(kM) , .
The transformation to the inertial reference frame is given by the rotation
matrix RM = R3(Ω)R1(i)R3(ω), where Ri denotes the rotation around the
i-th axis (x, y, z). Using the notation c# = cos(#), s# = sin(#) we find:
RM =


cωcΩ − cisωdΩ sω − cΩ − cicωsΩ sisΩ
cisωcΩ + cωsΩ cicωcΩ − sωsΩ si − cΩ
sisω sicω ci

 .
Appendix B. Equilateral perturbing function
We start from the expression of R given in (7). Using the small parameter
ρ = r
r1
− 1, the distance ∆−1 becomes in terms of ρ:
1
∆
=
1
r1
1√
A + Aρ+ ρ2
.
with A = 2 (1− cosψ). Setting ǫ = ρ+ ρ2
A
we find
1
∆
=
1
r1
1√
2
1√
1− cosψ
1√
1 + ǫ
,
provided | cosψ| < 1, |ǫ| < 1; the expansion of ∆−1 becomes
∆−1 ≃ 1√
2
1
r1
∞∑
j=0
(−1)j

 −1/2
j

 cos(ψ)j
∞∑
n=0

 −1/2
n

 ǫn ,
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and the expansion of the perturbing function, valid close to r/r1 ≃ 1, is given
by
R = 1√
2
1
r1
∞∑
j=0
(−1)j

 −1/2
j

 cos(ψ)j
∞∑
n=0

 −1/2
n

 ǫn − r cosψ
r21
−1
r
.
If we compute the expansion up to the order 2 in ρ and order 2 in cosψ,
we get the expression (8). Setting α = a/a1 − 1, cos i = 1 − s2, sin i = 2s,
λ = M + ω˜, ω˜ = ω + Ω (and analogously for s1, λ1, ω˜1), and using standard
series expansions for r, r1, and cos(ψ) we find:
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1r
+ a1R = −10α
2 + 152α+ 112
256
√
2
− (15α
2 + 96α + 81) e2
256
√
2
−
3 (5α2 + 32α + 27) e21
256
√
2
− (−84α
2 − 48α+ 96) s2
256
√
2
+
3 (7α2 + 4α− 8) s21
64
√
2
+
(
5α2
64
√
2
+
43α
64
√
2
+
19
32
√
2
)
e cos (λ− ω˜)
+ cos (λ− λ1)
(
− 3α
2
16
√
2
+
(
−1 − 1
4
√
2
)
α
+
(
− 3α
2
32
√
2
+
(
1
2
− 1
4
√
2
)
α− 23
32
√
2
+
1
2
)
e2
+
(
− 3α
2
32
√
2
+
(
1
2
− 1
4
√
2
)
α− 23
32
√
2
+
1
2
)
e21
+
(
3α2
16
√
2
+
(
1 +
1
4
√
2
)
α− 1
2
√
2
+ 1
)
s2
+
(
3α2
16
√
2
+
(
1 +
1
4
√
2
)
α− 1
2
√
2
+ 1
)
s21 +
1
2
√
2
− 1
)
+
(
− 21α
2
32
√
2
− 3α
8
√
2
+
3
4
√
2
)
ss1 cos (Ω− Ω1)
+
(
3α2
16
√
2
+
3α
8
√
2
+
15
32
√
2
)
ee1 cos (ω˜ − ω˜1)
+
(
− 3α
2
32
√
2
− 3α
16
√
2
− 3
8
√
2
)
e1 cos (λ− ω˜1)
+
(
3α2
8
√
2
+
(
3
2
+
9
16
√
2
)
α− 3
8
√
2
+
3
2
)
e cos (ω˜ − λ1)
+
(
− 15α
2
128
√
2
− 81α
64
√
2
− 33
32
√
2
)
e1 cos (λ1 − ω˜1)
+
(
− 15α
2
128
√
2
+
(
−1
8
− 7
32
√
2
)
α− 11
64
√
2
− 1
8
)
e2 cos (−2ω˜ + λ+ λ1)
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+(
− 3α
2
16
√
2
+
(
−1 − 1
4
√
2
)
α +
1
2
√
2
− 1
)
s2 cos (λ+ λ1 − 2Ω)
+
(
63α2
128
√
2
+
51α
128
√
2
− 21
64
√
2
)
e cos (ω˜ + λ− 2λ1)
+
(
− 3α
2
16
√
2
+
(
−1 − 1
4
√
2
)
α +
1
2
√
2
− 1
)
s21 cos (λ+ λ1 − 2Ω1)
+
(
− 3α
2
8
√
2
+
(
−2 − 1
2
√
2
)
α +
1√
2
− 2
)
ss1 cos (λ− λ1 − Ω+ Ω1)
+
(
21α2
32
√
2
+
3α
8
√
2
− 3
4
√
2
)
ss1 cos (−2λ1 + Ω + Ω1)
+
(
3α2
8
√
2
+
(
2 +
1
2
√
2
)
α− 1√
2
+ 2
)
ss1 cos (λ + λ1 − Ω− Ω1)
+
(
− 15α
2
128
√
2
+
(
−1
8
− 7
32
√
2
)
α− 11
64
√
2
− 1
8
)
e21 cos (−2ω˜1 + λ+ λ1)
+
(
15α2
128
√
2
+
3α
4
√
2
+
81
128
√
2
)
ee1 cos (−ω˜ + ω˜1 + λ− λ1)
+
(
15α2
16
√
2
+
(
3 +
3
2
√
2
)
α− 9
32
√
2
+ 3
)
ee1 cos (ω˜ + ω˜1 − 2λ1)
+
(
− 15α
2
32
√
2
+
(
−2 − 11
16
√
2
)
α+
5
8
√
2
− 2
)
e1 cos (ω˜1 + λ− 2λ1)
+
(
15α2
128
√
2
+
3α
4
√
2
+
81
128
√
2
)
ee1 cos (−ω˜ − ω˜1 + λ+ λ1)
+
(
− 63α
2
256
√
2
+
3α
32
√
2
+
177
256
√
2
)
ee1 cos (ω˜ − ω˜1 + λ− λ1)
+
(
5α2
256
√
2
+
19α
64
√
2
+
71
256
√
2
)
e2 cos (2λ− 2ω˜)
+
(
− 21α
2
64
√
2
− 3α
16
√
2
+
3
8
√
2
)
s2 cos(2λ− 2Ω)
+ cos (2λ− 2λ1)
(
− 21α
2
128
√
2
− 3α
32
√
2
+
(
105α2
256
√
2
− 225
256
√
2
)
e2
+
(
105α2
256
√
2
− 225
256
√
2
)
e21 +
(
21α2
64
√
2
+
3α
16
√
2
− 3
8
√
2
)
s2
36
+(
21α2
64
√
2
+
3α
16
√
2
− 3
8
√
2
)
s21 +
3
16
√
2
)
+
(
− 21α
2
64
√
2
− 3α
16
√
2
+
3
8
√
2
)
s21 cos (2λ− 2Ω1)
+
(
21α2
32
√
2
+
3α
8
√
2
− 3
4
√
2
)
ss1 cos (2λ− Ω− Ω1)
+
(
441α2
256
√
2
+
27α
16
√
2
− 159
256
√
2
)
ee1 cos (ω˜ + ω˜1 + λ− 3λ1) + 15e
2
1 cos (2λ− 2ω˜1)
512
√
2
+
((
1
16
√
2
− 1
2
)
α+
5
8
√
2
− 1
2
)
e cos (−ω˜ + 2λ− λ1) +−9ee1 cos (−ω˜ − ω˜1 + 2λ)
32
√
2
+
(
− 21α
2
64
√
2
− 3α
16
√
2
+
3
8
√
2
)
s2 cos (2Ω− 2λ1)
+
(
− 105α
2
256
√
2
− 15α
32
√
2
+
15
512
√
2
)
e2 cos (2ω˜ − 2λ1)
+
(
− 21α
2
64
√
2
− 3α
16
√
2
+
3
8
√
2
)
s21 cos (2λ1 − 2Ω1)
+
(
− 45α
2
256
√
2
− 105α
64
√
2
− 345
256
√
2
)
e21 cos (2λ1 − 2ω˜1)
+
(
21α2
256
√
2
− 9α
128
√
2
− 21
64
√
2
)
e1 cos (−ω˜1 + 2λ− λ1)
+
(
− 21α
2
32
√
2
− 3α
8
√
2
+
3
4
√
2
)
ss1 cos (2λ− 2λ1 − Ω+ Ω1)
+
(
− 117α
2
128
√
2
+
(
−27
8
− 45
32
√
2
)
α+
45
64
√
2
− 27
8
)
e21 cos (2ω˜1 + λ− 3λ1)
+
((
1
8
√
2
− 1
)
α +
31
32
√
2
− 1
)
ee1 cos (−ω˜ + ω˜1 + 2λ− 2λ1)
+
(
− 147α
2
256
√
2
− 57α
128
√
2
+
27
64
√
2
)
e1 cos (ω˜1 + 2λ− 3λ1)
+
(
3α2
128
√
2
+
(
3
32
√
2
− 3
8
)
α +
45
64
√
2
− 3
8
)
e2 cos (−2ω˜ + 3λ− λ1)
+
(
− 21α
2
128
√
2
+
3α
128
√
2
+
27
64
√
2
)
e cos (−ω˜ + 3λ− 2λ1)
+
(
21α2
256
√
2
− 3α
16
√
2
− 159
256
√
2
)
ee1 cos (−ω˜ − ω˜1 + 3λ− λ1)
37
+(
− 147α
2
256
√
2
− 3α
32
√
2
+
273
256
√
2
)
ee1 cos (−ω˜ + ω˜1 + 3λ− 3λ1)
+
(
− 21α
2
128
√
2
+
9α
64
√
2
+
351
512
√
2
)
e2 cos (−2ω˜ + 4λ− 2λ1)
+
(
− 357α
2
256
√
2
− 81α
64
√
2
+
351
512
√
2
)
e21 cos (2ω˜1 + 2λ− 4λ1) ,
where the term 1/r is given by
1
r
=
1− e cos (λ− ω˜) + e2 cos (2λ− 2ω˜)
(1 + α)
We notice that for our study we used the orders 8 in ρ and 24 in ψ to obtain
R. These expansions are necessary to ensure that the difference between (7)
and its expansion is less than the machine precision close to the equilibrium
points L4 and L5.
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Figure 4: Variation of the equilibrium solutions for L4 (dark) and L5 (light) in the SERTBP
for e1 = 0.1, i1 = 5
◦ and for different mass parameter µ1/µJ equal 1 (red dot), 1.5 (black
cross), 0.6 (blue square), for a (upper left panel), p (upper right panel), e (middle left
panel), q (middle right panel), i (bottom left panel), w (bottom right panel) as functions
of the parameter β. Light curves overlap with dark ones if not visible.
43
Figure 5: Absolute values of real (left column) and imaginary parts (right column) of
λ1,2 (top row), λ3,4 (middle row), and λ5,6 (bottom row) for e1 = 0.1, i1 = 5
o and for
different mass parameters µ1/µJ equal 1 (red dot), 1.5 (black cross), and 0.6 (blue square)
in dependency of the dissipative parameter β. We show the behaviour close to L4 (thick)
and L5 (thin), respectively.
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Figure 6: Comparison of the first order formulae (23)-(24) on the left with the numerically
obtained figure on the right for µ1 = µJ , e = e1, i1 = 5
◦.
45
Figure 7: Lagrange orbit for µ1/µJ equal 1 (red), 1.5 (black), and 0.6 (blue) for e1 = 0.1,
i1 = 5
◦, and β = 0.01. Initial conditions coincide with the equilbria of the averaged system
(green thick): a(0) ≃ 0.98, e(0) ≃ 0.99, i(0) ≃ 4.99, p(0) ≃ 60.42◦, q(0) ≃ 60.44◦, and
w(0) ≃ 0.
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Figure 8: The effect of β on the time of temporary stability of Lagrange orbits for µ1 = µJ ,
e = e1, i = 5
◦: 0.01 (red), 0.02 (green), 0.03 (blue), 0.04 (magenta), and 0.05 (black).
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